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Lattice paths with air pockets

Air pockets: down-steps of the form (1, —k) (k > 0), two of which
cannot be consecutive.

Baril, Kirgizov, M., Vajnovszki: Dyck paths with air pockets (2023),
Grand Dyck paths with air pockets (2024).

—> Enumeration results, bijections with various objects (peakless
Motzkin paths, Fibonacci meanders, integer compositions, ...)
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What is a skew DAP?

Lattice path in the first quadrant of Z?2

Starts and ends on the x-axis

Steps: U = (1,1), L = (—1,-1), and D = (1, —k) (for k > 0)
Forbidden patterns: UL, LU, and D;D; (for all i,j > 0)

Figure 1: Left: skew DAP; Right: partial skew DAP ending at ordinate 3.
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State graph of skew DAP

Figure 2

L-step.

U-step; Red: Dy-step; Green:

Black



State graph translates into the following equations:

fo(z) = 1,
Vk>0,  fi(z) = z(fi-1(2) + gk-1(2)),
Vk=0,  g(z) = 22z (fyi(2) + hiti(2)),
Vk=0,  h(z) = z(gkr1(2) + his1(2))
We set F(z,u) = Y. fi(2)u*, G(z,u) = Y gr(z)u¥, and
k=0 k=0
H(z,u) = kgo hi(z)uk.

— Solve for F(z,u) + G(z,u) + H(z, u), using the kernel method.
Kernel: u3z —2uz® — vz + 22u— v’ +zu+ 2%+ u -z



Result:

51(1 — 22)
z(s1 —z)(s1 —u)’

F(z,u)+ G(z,u) + H(z,u) =

with
A 424—223—%22—%2—#% z+1
s1=— -+ + R
6z ZA 3z
1
A= (722° —727* + 442% + 12Bz — 482° — 122 + 8)3
and

B = (—962'° + 1442° + 602° — 10827 — 242°
— 487° + 812 — 1827 + 127 — 3)/2,
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Enumeration of skew DAP

Taylor expansion of F(z,u) + G(z,u) + H(z, u):

1+ uz+ (P +1)2% + (P +2u+1)2° + (u* +30° +2u +3)2*
+ (U5 +4u® + 30 + 6u+5)2°

+ (u® + 5u* + 403 + 100% + 11u + 13)2°

+ (u" 4+ 6u° + 5u* + 1503 + 190 + 28u + 26)z" + O(28).

Resulting sequences when v = 0 (skew DAP) or u = 1 (partial skew
DAP) are not in the OEIS.

u=0:1,0,1,1,3,513,26,64,143, ...
u=1:1,1,2,4,9,19,44,100,236,558. ..
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Skew DAP, but any occurrence of Dy U is forbidden (for all k > 0).

Figure 3: State graph of v.a. skew DAP

Black: U-step; Red: Dy-step; Green: L-step.
~ J-L Baril R Maréchal, H. Prodinger ~ 11/2a
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Enumeration of v.a. skew DAP

State graph translates into the following equations:

(2 - 1

Vk >0, f(z) = zfk_1(2),
)

)

Sh

Yk = 0, gk(z = ZZ;>1 (fk+,'(2) + hk+,-(z)) ,
Vk >0, he(z) = z(gk+1(2) + hxs1(2)).

We set F(z,u) = Y} fi(2)uk, G(z,u) = > gr(z)u¥, and
k=0 k=0

H(z,u) = Y h(z)uk.

k=0
— Solve for F(z,u) + G(z,u) + H(z, u), using the kernel method.
Kernel: 1322 — 2?28 —uz* — Pz +2u+ 22+ 1v? - 222 —u + z.
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Result:

1—z+23-2

(1—zu)(1—z—22+23-2%)

F(z,u) + G(z,u) + H(z,u) =

Taylor expansion:

1+uz+(u2+1)22+( 3+u+1)z3+(u4+u2+u+2)z4
+ (P + P+ v +2u+2) 2
+ (4 vt + P+ 207 + 20+ 4) 2O
+ (v + v+ ut 20 + 20 +4u+5) 2T+ O(28).

u=0:1,0,1,1,2,2,4,5,9,12,... (OEIS A124280)
u=1:1,1,2,3,57,11,16,25,37,... (OEIS A130137)



F(z,1) + G(z,1) + H(z,1) is the same g.f. as that of binary words
avoiding both 00 and 0110.

L A\De e ey Q0 N

€ 1¥-10 x(@)1 x(2)10 x(a)1k0

Figure 4: Illustration of the bijection .

WiWo ... Wp_1Wp = W1Wo... Wn_11 for any word WiWo ... Wp_1Whp.

Example: x(U*DLD;) = 011110.




n|aePV,| xla)e B,(,O_Oiono)

1 U 3
5 uD 0
uu 1

uub 01

3| UUD; 10
vuu 11

uuDL 010

vuuD 011

4 | UUUD, 101

UUUDs 110

vuuu 111

Table 1: First values of x.
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V.a. skew DAP, but any occurrence of LL is forbidden.

Figure 5: State graph of v.a. skew DAP

Black: U-step; Red: Dy-step; Green: L-step.
~ J-L Baril R Maréchal, H. Prodinger ~ 17/24
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Enumeration of z.v.a. skew DAP

State graph translates into the following equations:

(z) = 1,

Vk >0, f(z) = zfk_1(2),

Vk=0, g(z) = zXio1 (fri(2) + hiyi(2))
Vk=0, h(z) = zgk1(2).

Sh

We set F(z,u) = Y} fi(2)uk, G(z,u) = > gr(z)u¥, and
k=0 k=0

H(z,u) = Y h(z)uk.

k=0
— Solve for F(z,u) + G(z,u) + H(z, u), using the kernel method.
Kernel: u32% —uz* — 3z — P22 + w2 + 28+ v +uz — 22 — u.
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Result:

1—z+ 22
(1—zu)(l—z—2z%"

F(z,u) + G(z,u) + H(z,u) =

Taylor expansion:

1+uz+(u2+1)22+( 3+u+1)z3+(u4+u2+u+2)z4
+ (P + P+ v +2u+2) 2
+ (4 vt + P+ 207 + 20+ 3) 2°
+ (v + v+t 20 20 +3u+4) 2T+ O(2).

u=0:1,0,1,1,2,2,3,4,6,8,... (OEIS A103632)
u=1:1,1,2,3/57,10,14,20,28,... (not in the OEIS)
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Bijection with a set of compositions

F(z,0) + G(z,0) + H(z,0) is the same g.f. as that of palindromic
compositions with parts in {2,1,3,5,7,9,...}.
Y(UD) =&, $(U?Dy) = (1), %(U?DL) = (2), ¥ (U3DzL) (3).

/

A\ Dy 7

AN

Dy

(lﬂw(UaDk*2B)ﬂ1) (271/1(UEB)72) +2¢(U8Dk+18)+2

Figure 6: Illlustration of the bijection v (nontrivial cases).

2(X1) 42 = (a1 + 4)
+2(X17X27 o 7Xn717Xn)+2 = ((Xl + 2)7X27 v >Xn717 (Xn + 2))
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[eAS] Z,, ’L/J(OA) € Cn_g

ub

uuD,

B WINS

(
UUUD; 1
uuDL (

UUUUD, 1,

UUUD,L 3
UuuuUDs | (1,1,1,1
UuuUDsL | (1,2,1)
UuUDLD

UUUUUUD, | (1,
UuuuUD,L | (
UUUUDLD, | (2,1,
UUUUD,LD (5)

Table 2: First values of 1).




a=U'D)LDrLD =

What is 1)(U7 Do LD, LD)?



W(UTDoLDsLD) = ,1h(USD5LD) .,



$(UTDaLDsLD) = 42t (UPD3LD) 2 = 42(1,(UPDLD), 1) .




"

Y(UTDyLDyLD) = ,p(UPD3LD),, = ,o(1,4(UPDLD), 1),
= +2(172a¢(UD):2, 1)+2 = (3727 2a3)
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Enumeration summary

| Type of paths First terms | OEIS |
Skew DAPs 1,0,1,1,3,5,13,26, 64,143, ... New
Partial skew DAPs 1,1,2,4,9,19,44,100,236,558.. .. New
v.a. skew DAPs 1,0,1,1,2,2,4,5,9,12, ... A124280
Partial v.a. skew DAPs | 1,1,2,3,5,7,11,16,25,37,... A130137
z.v.a skew DAPs 1,0,1,1,2,2,3,4,6,8,... A103632
Partial z.v.a skew DAPs | 1,1,2,3,5,7,10,14,20,28, ... New
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Thank you :)
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